We study a sixth order derivative scalar field model in Minkowski spacetime as a toy model of higher-derivative critical gravity theories. This model is consistently quantized when using the Becchi-Rouet-Stora-Tyutin (BRST) quantization scheme even though it does not show gauge symmetry manifestly. Imposing a BRST quartet generated by two scalars and ghosts, there remains a non-trivial subspace with positive norm. This might be interpreted as a Minkowskian dual version of the unitary truncation in the logarithmic conformal field theory.
I. INTRODUCTION
Stelle [1] has first introduced the quadratic curvature gravity of α(R 2 µν −R 2 /3)+βR 2 to improve the perturbative properties of Einstein gravity. In case of αβ = 0, the renormalizability was achieved but the unitarity was violated for α = 0, showing that the renormalizability and unitarity exclude to each other. Although the α-term of providing massive graviton improves the ultraviolet divergence, it induces ghost excitations which spoil the unitarity.
The price one has to pay for making the theory renormalizable is the loss of unitarity.
After this work, a first requirement for the quantum gravity is to gain the unitarity, which means that its linearized theory has no tachyon and ghost in the particle content [2] . To that end, critical gravities have recently received much attention because they were considered as toy models for quantum gravity [3] [4] [5] [6] [7] [8] [9] [10] . At the critical point, a degeneracy took place in the AdS spacetime and thus, ghost-like massive gravitons become massless gravitons.
Instead of massive gravitons, an equal amount of logarithmic modes were introduced for the critical gravity. However, one has to resolve the non-unitarity problem of the critical gravity theories because these contain higher-derivative interactions [4] . It was shown that a rank-2 logarithmic conformal field theory (LCFT) is dual to a critical gravity [11] [12] [13] . Thus, the non-unitarity of critical gravity is closely related to that of the rank-2 LCFT where the
Hamiltonian cannot be diagonalized on the fields due to the Jordan structure [14, 15] .
In order to address the non-unitarity issue of critical gravity, it has been proposed to truncate log-modes out by imposing the AdS boundary conditions [16] . A rank of the LCFT refers to the dimensionality of the Jordan cell. The rank-2 LCFT dual to a critical gravity has a rank-2 Jordan cell and thus, an operator has a logarithmic partner. However, there remains nothing for the rank-2 LCFT after truncation. Dipole-ghost fields (A, B) on AdS 3 space are also dual to the rank-2 LCFT [17, 18] , whereas they form a BRST quartet to give zero norm state [19] [20] [21] after introducing ghosts in Minkowski spacetime [22] . Instead, a polycritical gravity was introduced to provide a polycritical point [23, 24] whose dual is supposed to be a higher rank LCFT. The LCFT dual to a tricritical gravity has rank-3 Jordan cell [25] and an operator has two logarithmic partners of log and log 2 . After truncation, there remains a unitary subspace with non-negative inner product. Its dual scalar model was investigated on the BTZ black hole spacetime explicitly [26] .
In this direction, it is very important to understand the truncation mechanism which leads naturally to the unitary subspace. However, the fact that the bulk spacetime is AdS and theory is a polycritical gravity prevents us from understanding this truncation scheme well. Hence, we consider a sixth-order derivative scalar field theory in Minkowski spacetime.
To avoid a difficulty in dealing with a single sixth-order derivative theory directly [27] , we introduce an equivalent three coupled scalar fields with degenerate masses. This model will be quantized by employing the BRST quantization scheme even though it does not show gauge symmetry manifestly. Imposing a BRST quartet generated by two scalars φ 1 , φ 3 and ghosts c, d, there remains a non-trivial subspace with positive norm for φ 2 . This could be interpreted to be a Minkowskian dual version of the unitary truncation in the LCFT.
Our action consists of three scalar fields φ 1 , φ 2 , φ 3 , and ghost fields c, d with degenerate masses in four dimensional spacetime
Without ghosts, the action appeared in [16, 26] . Here, we adopt the conventions of η µν = diag.(− + ++) and x µ = (t, x). We note to stress that the action (1) is invariant under BRST transformations
Here the ghost numbers are assigned to be 
II. SIXTH-ORDER TIME DERIVATIVE PARTICLE THEORY
In order to understand a sixth-order derivative scalar theory, we consider first its sixthorder time derivative version of the action (1)
where the dot denotes differentiation with respect to time. This action could describe a sixth order derivative harmonic oscillator for φ 3 when coupling to φ 1 and φ 2 . Equations of motion can be obtained asφ
by varying φ 3 , φ 2 , and φ 1 , respectively. Eliminating φ 1 and φ 2 leads to the sixth-order time
On the other hand, eliminating φ 1 leads to the fourth order equation for φ 2
which is recognized to be the degenerate Pais-Uhlenbeck oscillator with m i = ω i [28] . Its field theory realization was reported in [29] .
The solutions to Eqs. (4)- (6) are given by
respectively. Note that they are all hermitians. It is also easy to check that the solution (11) [ (10)] solves the higher-order equation (7)[ (8)] directly. Fig. 1 shows the temporal behaviors of the solutions. φ 1 shows a pure oscillation in time. Even though φ 2 and φ 3 are growing linearly and quadratically in time, their growths are milder than an exponentially growing mode. Although these linear and quadratic growths are independent of the presence of the Ostrogradski instability, they show that φ 3 and φ 2 are solutions to higher-order time derivative equations (7) and (8) . Also, there is no imaginary propagation speed that would signify a classical instability in the form of a tachyonic mode appeared when replacing m On the other hand, equations of motion for the ghosts 
FIG. 2: Temporal behaviors of the ghosts of c(t) and d(t) with
lead to solutions as
respectively. Fig. 2 shows the temporal behaviors of the ghost solutions as φ 1 does show.
Now we are in a position to carry out canonical quantization of (3). This may provide a hint to quantization of its full action (1). Canonical quantization can be started with finding canonical momenta
Canonical Hamiltonian is given by
Expressing (17) in terms of modes a 1 , a 2 , and a 3 in Eqs. (9)-(11), the canonical Hamiltonian becomes
From now on, we would take N 
These can be cast into the following matric form:
Although its Hamiltonian is not diagonal and positive definite, their commutation relations reveal an useful information between operators. Clearly, [a 2 , a † 2 ] = 1 represents a standard commutation relation, while others do show non-standard commutations. In order to make the Hamiltonian diagonal, one has to introduce new operators b i by using transformations
Then, the canonical Hamiltonian can be reduced to the diagonal form
However, we are afraid to have unusual commutation relations between b i and b † j
where all commutation relations survive. We call these unusual commutators because all constant factors are nonstandard and signs are negative in the first two expressions.
On the other hand, the canonical momenta for the ghost parts are given by
and the canonical Hamiltonian is constructed by using modes
Their anti-commutation relations are defined to be
Finally, the BRST charge can be obtained as
and, the total canonical Hamiltonian of H c +H gh c is invariant under the BRST transformation of
which imply that {a 2 } represents unitary Fock space, while {a 1 , a 3 , c 1 , d 1 } form a quartet representation of BRST algebra. Here we wish to point out that for dipole ghost fields (fourth-order time derivative theory), the BRST invariant states appears only zero norm combination through the quartet mechanism. This indicates that physical state is the vacuum [22] . On the other hand, for the sixth-order time derivative scalar theory, the physical state is not the vacuum but φ 2 . This shows clearly a way of how a higher derivative harmonic oscillator is free from negative norm states when quantizing it.
III. QUANTIZATION OF SIXTH ORDER DERIVATIVE SCALAR THEORY
In this section, we consider the full action (1) Varying the fields φ 3 , φ 2 , and φ 1 in the action (1), we have equations of motion
respectively. Making use of an ansatz
the equation of motion (29) leads to one dimensional equation for φ 1k ( k, t) as
where
As like in the quantum mechanical model in the previous section, this
gives a solution expanded in Fourier modes
Similarly, we can find the solutions to Eqs. (30) and (31) by using (34) as
On the other hand, for the ghost fields, their equations of motion are given by
whose solutions are found to be
Now, canonical momenta is given by those as in Eq. (16) , and canonical Hamiltonian is obtained to be
It is tedious but straightforward to express the canonical Hamiltonian in terms of modes a 1 ( k), a 2 ( k), and a 3 ( k) as
which corresponds to the field theoretical representation of the canonical Hamiltonian (18) .
Importantly, the commutation relations are given by
where we have also taken N 2 1 = 2ω 3 . These can be also cast into the matrix form
which is similar to the two-point correlation functions in rank-3 LCFT [16]
where i, j =KG, log, log 2 . Here CF T is the CFT correlation function, L represents logcorrelation function, L 2 denotes log 2 -correlation function. A truncation to have a unitary subspace is carried by throwing all modes which generate the third column and row of this matrix containing L 2 . Hence, the only non-zero correlation function is proportional to the ordinary CFT correlation. Using the AdS/LCFT correspondence, the remaining bulk modes have a non-negative scalar product and the truncated theory is unitary. This method can be generalized to arbitrary odd rank but it fails for even rank LCFTs.
By making use of the transformations of
the canonical Hamiltonian can be successfully reduced to a diagonal form
Canonical momenta for the ghosts are the same with Eq. (24), and canonical Hamiltonian is given by
Their commutation relations are
Finally, the BRST charge can be obtained as the Noether charge 
Here we observe that {a 2 } is invariant under the BRST transformations, while {a 1 , a 3 , c 1 , d 1 } form a quartet representation of BRST algebra to give zero norm state. For the sixth-order derivative scalar theory, the physical state is not vacuum but φ 2 . This shows clearly a way of how a higher derivative scalar field theory is free from negative norm states.
IV. DISCUSSIONS
We have clarified the truncation scheme to provide the unitary subspace in the rank-3
LCFT. This was just an obtaining procedure of a unitary subspace after forming a BRST quartet even for a sixth-order derivative scalar field theory. The correspondence between the rank-3 LCFT and sixth order derivative scalar field theory are given by observing (44) and (45). This is clear because (45) was obtained from the same action (1) on the boundary of the AdS 3 spacetime without ghosts. The difference is that we consider (1) in Minkowski spacetime.
